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Abstract
In this short Letter we investigate the integrability of some N = 2 superconformal field theories (SCFT) deformed by massive (relevant)
operators. They have Landau–Ginzburg (LG) description and classified into A, D, and E by singularity theory. We focus on Dn+1 and E6,8 cases
with particular deformations for each model. They are already known to be integrable by the existence of solutions of generalized Yang–Baxter
equation (graph-Yang–Baxter). We study the same models with different approach: we find topological–antitopological (t t∗) equation that is the
equation satisfied by the ground state metric (analogue of Zamolodchikov metric). The t t∗ equations thus obtained turns out to be Toda equations
as a function of perturbation parameter.
© 2006 Elsevier B.V. Open access under CC BY license. 1. Introduction
Two-dimensional conformal field theory (CFT) is integrable
because it has infinitely many symmetries, i.e., it has corre-
sponding infinite currents. At this moment the question arises:
whether this CFT is integrable after perturbation by massive
(relevant) operator. Interestingly, even though perturbed CFTs
do not have conformal symmetries any more these theories can
also be regarded as integrable when they have infinite symme-
tries [1]. In order to see its integrability one can investigate the
existence of Yang–Baxter equations (from requirement of con-
sistent factorized scattering matrices) and check if the equations
are Toda type or not. By renormalization group flow CFTs arise
at fixed points. The supersymmetrized N = 2 superconformal
field theory (SCFT) has been studied deeply due to its relation
to string theory. Just as in the case of bosonic CFT, N = 2 SCFT
can also be perturbed and we can ask if it is integrable [3,5]. The
models we are going to consider are given by Landau–Ginzburg
model (LG) and they are classified into A, D and E by sin-
gularity theory [4]. N = 2 is interesting because the theory is
determined by superpotential due to nonrenormalization theo-
rem and has coset description [2]. At fixed points, UV and IR in
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Open access under CC BY license. renormalization group (RG) sense, the theory restore conformal
symmetry as in bosonic cases. Even though it is less obvious to
see integrability after perturbation, two-dimensional supersym-
metry still persists and our cases of consideration are restricted
to deformations preserving SUSY.
Early 90’s Cecotti and Vafa [6] introduced what is called
t t∗ equation. It is a differential equation satisfied by the ground
state metric. This ground state metric is constructed by a fu-
sion of topological operator and its conjugate. The topological
theory can be obtained by twisting N = 2 SCFT and the topo-
logical operator is nothing but chiral primary operator in N = 2
SCFT after twisting. By inserting a connection which is an ana-
logue of Berry phase and a coefficient of OPE of two chiral
primary operators into zero curvature equation they found t t∗
equation. In their work they investigated various examples of
LG model perturbed by massive one and found all examples
are turned out to be Toda equations. Recently, t t∗ resurrected
by Dabholkar and Vafa [9] and they applied to a simple orbifold
model to study closed string tachyon potential. Later in [10] the
authors extended to other orbifold models and integrable mod-
els using t t∗ equations.
More than a decade ago [7] there was a speculation of pos-
sibility of integrability of some perturbed LG model that were
not discussed in [6]. The models considered are Dn+1 perturbed
by ty, E6 and E8 perturbed by txy. In less than a year af-
ter, Gomez and Sierra [8] showed, previously left with question
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alized Yang–Baxter (graph-Yang–Baxter) equation. It entirely
depends on soliton scattering theory of the given models. Graph
here is described by critical points of LG models and they con-
sidered two types: circular and daisy. Yang–Baxter equation is
necessary for consistent factorized S-matrix. By additional uni-
tarity and crossing symmetry the S-matrix becomes scattering
matrix in quantum theory. In general Yang–Baxter equation is
not easy to solve. If it does, this implies existence of hidden
symmetry such as quantum group. In [8] they investigate var-
ious LG models including our considerations here by solving
graph-Yang–Baxter equation. For circular graphs the solutions
have a quantum group meaning in that they are interwiners
of affine Hopf algebra Uq(A(1)1 ) extended to extra central el-
ements. This allows to the integrability for Dn+1 model with ty
deformation. For daisy graphs, the solution is given by N = 2
extension of chiral Potts at the superintegrable point which al-
lows to the integrability of E6 and E8 models with deforma-
tion txy.
In this work we try different approach: t t∗ equation. If one
solve the equations one can find the c-function (c(t)) from the
metric which will be a central charge at fixed points defining
the conformal theory. We consider the three models discussed
in [8] by writing t t∗ equations satisfied by the ground state met-
ric with perturbation parameter. We find all t t∗ equations are
turned out to be Toda equations as a function of perturbation pa-
rameter. For Dn+1 we get An Toda class for odd n while B̂Cm
Toda class for even n. For E6 and E8 we get DT (SO(2m+ 1)).
These results complement the integrability shown in [8]. Our
approach is different from [8] in that [8] investigate scatter-
ing matrices whose solutions determines solitons spectrum or
conserved charges while we found t t∗ equation satisfied by
ground state metric whose Toda structure implies infinite sym-
metries which make it possible to find corresponding conserved
charges. However both approach seem similar in that Yang–
Baxter and t t∗ have origins of flat curvature condition (Lax
pair).
2. Integrable models of LG
In this section we construct t t∗ equations for three LG mod-
els perturbed by massive operator. The t t∗ equation we are
going to use is given by
(1)∂¯i
(
g∂jg
−1)− [Cj ,g(Ci)†g−1]= 0.
Here Ci ’s come from the relation of OPE
(2)φiφj = Ckijφk,
where φi ’s are topological operators. They are related to chiral
primary by twisting. We define topological metric ηij and the
ground state metric gij¯ which is an analogue of Zamolodchikov
metric as
(3)〈j |i〉 = ηij , 〈j¯ |i〉 = gij¯ ,where |i〉 = φi |0〉 and its conjugate is |i¯〉. Moreover, ηij and gij¯
must satisfy the relation called reality condition
(4)η−1g(η−1g)∗ = I.
In fact, ηij can be calculated from simple residue calculation
(5)ηij = 1
(2πi)n
∫
xixj dx1 ∧ · · · ∧ dxn
∂1W∂2W · · · ∂nW .
Now, let us consider three LG models.
• Dn+1 series perturbed by ty: Here the superpotential to
this case is given by
(6)W = xn/n + xy2 − ty.
One may consider the same theory with deformation by tx. This
case was considered already in [6]. For odd n the t t∗ equation
is reduced to Bˆm Toda while for even n DT (SO(2m + 1)).
Since as in the tx deformed case, the odd n and even n gives
different t t∗ equations we consider separately. However, as we
will see below the t t∗ equation should be rearranged to make it
possible to compare to Toda equation.1 To avoid this difficulty
we only consider this problem for special n’s as a representa-
tive, n = 10 and n = 9.
First, let us consider the chiral ring. By definition the rings are
all multiplications of fields modulo satisfying
(7)∂xW = xn−1 + y2 = 0, and ∂yW = 2xy − t = 0
and thus one can read the chiral rings as follows
(8)R= {1, y, y2, x, . . . , xn−2}.
This will be the basis of matrices below. Under the transforma-
tion
(9)x → ωax, y → ωby
the superpotential is invariant upto a phase. This symmetry
makes the metric gij¯ and topological metric ηij simple [6,10].
As a result gij¯ has only nonvanishing diagonal components
which is given explicitly
(10)gij¯ = diag {a1, a2, . . . , an+1}
and for ηij we obtain from the definition the following
(11)ηij =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 − 12 · · · 0 0 0
0 − 12 0 · · · 0 0 0
− 12 0 0 · · · 0 0 0
...
...
...
. . .
...
...
...
0 0 0 · · · 0 0 12
0 0 0 · · · 0 12 0
0 0 0 · · · 12 0 0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
Finally we have matrix Ct which can be read from operator
product relation in Eq. (2) and is given by in components
(Ct )
y
1 = 1 = (Ct )y
2
y , (Ct )
xn−2
y2
= − t
2
,
1 For arbitrary n it seems too hard to check whether the t t∗ equations are in
Toda class or not.
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n−3
xn−2 =
t
2
.
Now let us consider even n, n = 10. Solving reality condition
gives
a2 = 12 , a3 =
1
4a1
, a8 = 14a7 ,
(13)a9 = 14a6 , a10 =
1
4a5
, a11 = 14a4 .
Inserting all these into (1) we get equations
−∂t¯ ∂t loga1 = 12a
−1
1 −
|t |2
4
a1a
−1
4 ,
−∂t¯ ∂t loga4 = |t |
2
4
(
a1a
−1
4 − a4a−15
)
,
−∂t¯ ∂t loga5 = |t |
2
4
(
a4a
−1
5 − a5a−16
)
,
−∂t¯ ∂t loga6 = |t |
2
4
(
a5a
−1
6 − a6a−17
)
,
(14)−∂t¯ ∂t loga7 = |t |
2
4
(
a6a
−1
7 − a27
)
.
With the definition of ai = |t |αi e−2φi and t = t˜ βi with proper
choice of αi and βi we can map this equations into known Toda
equations [6]. In order to see this, we need to rename φi ’s such
that
φ7 → φ1, φ6 → φ2, φ5 → φ3,
(15)φ4 → φ4, φ1 → φ5.
As a result, one get the final form
∂¯∂φ1 = 18
(
e2(φ1−φ2) − e−4φ1),
∂¯∂φ2 = 18
(
e2(φ2−φ3) − e2(φ1−φ2)),
∂¯∂φ3 = 18
(
e2(φ3−φ4) − e2(φ2−φ3)),
∂¯∂φ4 = 18
(
e2(φ4−φ5) − e2(φ3−φ4)),
(16)∂¯∂φ5 = 14e
2φ5 − 1
8
e2(φ4−φ5).
From [6] in page 403 one can check these equations fall into
B̂Cm(m = 5) Toda.
Now let us consider odd n. For odd n, we choose n = 9. Then
we get t t∗ equation with the help of the solution of the reality
condition
a2 = 12 , a3 =
1
4a1
, a7 = 12 ,
(17)a8 = 14a6 , a9 =
1
4a5
, a10 = 14a4
such that the t t∗ equation becomes
−∂t¯ ∂ loga1 = 12a
−1
1 −
|t |2
4
a1a
−1
4 ,
−∂t¯ ∂t loga4 = |t |
2 (
a1a
−1
4 − a4a−15
)
,4−∂t¯ ∂ loga5 = |t |
2
4
(
a4a
−1
5 − a5a−16
)
,
(18)−∂t¯ ∂t loga6 = |t |
2
4
(
a5a
−1
6 − 2a6
)
.
Following the same procedure above, one can arrive at
∂¯∂φ1 = 18
(
e2(φ1−φ2) − 2e−2φ1),
∂¯∂φ2 = 18
(
e2(φ2−φ3) − e2(φ1−φ2)),
∂¯∂φ3 = 18
(
e2(φ3−φ4) − e2(φ2−φ3)),
(19)∂¯∂φ4 = 14e
2φ4 − 1
8
e2(φ3−φ4).
One can understand these equations as Toda equation if one sets
(20)φ0 = 0 = φ5
such that one can write the equations as this form:
(21)∂¯∂φi = e2(φi−φi+1) − e2(φi−1−φi), i = 1, . . . ,4.
This equation is classified into Aˆn(n = 3) Toda.
Next we will consider E6 and E8 deformed by txy.
• E6 series: Now let us consider the superpotential:
(22)W = x3/3 + y4/4 − txy.
One can find chiral rings for this superpotential given by
(23)R= {1, x, y, xy, y2, xy2}.
As before the superpotential is symmetric under
(24)x → ωax, y → ωby,
where a and b satisfy the following as a solution
(25)b = 2a :ω5a = 1, a = 3b :ω5b = 1.
Hence with the help of this symmetry the metric gij¯ has com-
ponents
(26)gij¯ =
⎛
⎜⎜⎜⎜⎜⎝
a1 0 0 0 0 b¯
0 a2 0 0 0 0
0 0 a3 0 0 0
0 0 0 a4 0 0
0 0 0 0 a5 0
b 0 0 0 0 a6
⎞
⎟⎟⎟⎟⎟⎠ .
The topological metric ηij calculated to be in the following
form:
(27)ηij =
⎛
⎜⎜⎜⎜⎜⎝
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 t2
⎞
⎟⎟⎟⎟⎟⎠ .
By solving the reality condition, we get the following relations.
a4 = 1/a3, a5 = 1/a2, a6 = 1/a1 + |t |4a1/4,
(28)b = a1t2/2.
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(29)(Ct )ji =
⎛
⎜⎜⎜⎜⎜⎝
0 0 0 1 0 0
0 0 0 0 t 0
0 0 0 0 0 1
0 t2 0 0 0 0
0 0 t2 0 0 0
0 0 0 t2 0 0
⎞
⎟⎟⎟⎟⎟⎠ .
Inserting all these information into t t∗ equation one can get the
following equations
−∂t¯ ∂t loga1 = 1/(a1a3) − |t |4a1/a3,
−∂t¯ ∂t loga2 = |t |2
(
1/a22 − |t |2a2a3
)
,
(30)−∂t¯ ∂t loga3 = 1/(a1a3) + |t |4a1/(4a3) − |t |4a2a3.
To compare these equations with known Toda, we have to first
remove t ’s in front of the ai ’s by redefining ai = |t |αi a˜i where
α1 = −2, α2 = −2/5, and α3 = −7. Moreover we have to rede-
fine the a˜i ’s. Namely,
(31)a˜1 = e−φ1, a˜2 = e−φ3, a˜3 = eφ2 .
Then the above equations reduce to
∂¯∂φ1 = eφ1−φ2 − e−(φ1+φ2),
∂¯∂φ2 = −eφ1−φ2 − 14e
−(φ1+φ2) + eφ2−φ3,
(32)∂¯∂φ3 = e2φ3 − eφ2−φ3 .
By refining the coefficients further one can see these equations
are in the classification of DT (SO(2m + 1))(m = 3) Toda. In-
terestingly, this t t∗ equation can be obtained from A series
W = x7/7 − x2/2 [6]. The same structure was discussed in dif-
ferent context in [8] Section 3.
• E8 series: For this case we study the superpotential
(33)W = x3/3 + y5 − txy.
Then the chiral ring is given by
(34)R= {1, x, y, xy, y2, xy2, y3, xy3}.
From the symmetry of the superpotential under
(35)x → ωax, y → ωby
with
(36)b = 2a with ω7a = 1, a = 4b with ω7b = 1,
where a and b satisfy the following as a solution. Then one can
get simplified metric gij¯
(37)gij¯ =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
a1 0 0 0 0 0 0 b¯
0 a2 0 0 0 0 0 0
0 0 a3 0 0 0 0 0
0 0 0 a4 0 0 0 0
0 0 0 0 a5 0 0 0
0 0 0 0 0 a6 0 0
0 0 0 0 0 0 a7 0
b 0 0 0 0 0 0 a8
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.In addition from the definition the topological metric ηij be-
comes
(38)ηij =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 t2
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
By OPE the matrix Ct is given by
(39)(Ct )ji =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 0 1 0 0 0 0
0 0 0 0 t 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 t 0
0 0 0 0 0 0 0 1
0 t2 0 0 0 0 0 0
0 0 t2 0 0 0 0 0
0 0 0 t2 0 0 0 0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
By solving the reality condition one get
a5 = 1/a4, a6 = 1/a3, a7 = 1/a2,
(40)a8 = 1/a1 + |t |4a1/4, b = a1t2/2.
Then the t t∗ equation becomes
−∂t¯ ∂t loga1 = a4/a1 − |t |4a1a4/4,
−∂t¯ ∂t loga2 = |t |2
(−a2a3|t |2 + 1/(a2a4)),
−∂t¯ ∂t loga3 = −1/a23 − |t |4a2a3,
(41)−∂t¯ ∂t loga4 = |t |2/(a2a4) − a4/a1 − |t |4a1a4.
One can remove t ’s by redefining ai = |t |αi α˜i where α1 =
−2, α2 = 20, α3 = −8, α4 = 14 and redefine a˜i ’s by
(42)
a˜1 = e−φ1, a˜2 = eφ3, a˜3 = e−φ4, a˜4 = e−φ2 .
Then the above equations reduce to
∂¯∂φ1 = eφ1−φ2 − 14e
−(φ1+φ2),
∂¯∂φ2 = eφ2−φ3 − eφ1−φ2 − e−(φ1+φ2),
∂¯∂φ3 = eφ3−φ4 − eφ2−φ3,
(43)∂¯∂φ4 = e2φ4 − eφ3−φ4 .
By refining further the coefficients one can see those equa-
tions are in the classification of DT (SO(2m + 1))(m = 4)
Toda. This t t∗ equation can be obtained from superpotential
W = x9/9 − x2/2 [6]. The same structure was pointed out in
different context in [8] in Section 3.
3. Conclusion and discussion
In this work we consider integrability for Dn+1 deformed by
ty, E6 deformed by txy and E8 deformed by txy by writing
down t t∗ equation. For all cases we get equations of Toda type
which is integrable.
84 S. Lee / Physics Letters B 638 (2006) 80–84This work was initiated by searching for closed string
tachyon potential by t t∗ equation. The parameter t plays a role
that interpolates between UV (t → 0, before condensation) and
IR (t → ∞, after condensation). We can test integrability by
finding t t∗ equations for other perturbations and compare them
to other methods (e.g. Yang–Baxter or scattering matrices). An-
other interesting question is the applicability of our work to the
study for tachyons on D and E type orbifolds further. If one
can find the solutions to the Toda equations we get, it would be
meaningful to interpret what theories arise at fixed points.
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